Brownian motion in a periodic potential driven by an ac (oscillatory) force is investigated for the full range of damping constant from the overdamped limit to the underdamped limit. The path (functional) integral approach is advanced to produce formulas for the probability distribution function and for the current of the Brownian particle in response to an ac driving force. The negative friction Langevin dynamics technique is employed to evaluate the dc current for various parameters without invoking the overdamped or the underdamped approximation. The dc current is found to have non-linear dependence upon the damping constant, the potential parameter, and the ac force magnitude and frequency.
I. INTRODUCTION
Brownian motion in a periodic potential has been a subject of much research interest because of its relevance in the diverse areas of physics, chemistry and biology. [1, 2] In particular, Brownian motion in a periodic potential and driven by an ac force is of fundamental and practical importance as there are a great many problems that involve imposing an external oscillation on a system. [3] [4] [5] [6] [7] For instance, the situation that arises when a protein embedded in a cell membrane is subjected to an oscillating electric field demands our thorough understanding of Brownian motion in response to an ac driving force.
In this paper, we study ac driven Brownian motion in a periodic potential with general damping. Following the basic spirit of the transition path approach, [8] [9] [10] [11] [12] we advance a path (functional) integral formalism and derive formulas for the non-linear response of a Brownian particle to an externally imposed ac (oscillatory) driving force. Using the one point boundary transition path sampling scheme [13] as a numerical solution method for the Langevin equation, we evaluate the dc (time averaged) current for a full range of damping constant and for various other parameters.
The body of this paper is organized as follows. In section II is the theoretical formulation for the Brownian motion in a periodic potential and subject to an ac driving force. In section III, path integrals are analyzed and transformed to produce formulas for the probability distribution function and for the current of a Brownian particle in response to the ac driving force. In section IV, the numerical results are presented for the dependence of the dc current upon the potential parameter, the damping constant, and the driving force magnitude and frequency. In section V is a summary.
II. THEORETICAL FORMULATION
We start with the following Langevin equation in its dimensionless forṁ
Here x and v are the position and velocity of the Brownian particle, respectively. γ is the damping (frictional) coefficient. F 0 is the magnitude of the ac driving force. Ω and φ 0 are respectively the frequency and initial phase of the ac driving force. The periodic potential,
, is chosen as
where the parameter c is defined as
Here a is an adjustable asymmetry parameter. Fig.1 illustrates the shape of the potential.
The potential has reflection parity symmetry only when a = 0. The minimum and maximum values of the potential are, respectively, 0 and 2 for all values of a. Therefore, the activation barrier E b = 2 throughout this paper. The random force ξ(t) is a Gaussian noise that has zero mean and the δ-function correlation,
where β = E 0 /k B T with T being the temperature, k B , the Boltzmann constant, and E 0 , an energy scale chosen to set every physical quantity in Eq.
(1) dimensionless. The brackets (·) denote the ensemble average for various samples of the random force ξ(t) in Eq.
(1),
Here the statistical weight functional of the random force
with C being the normalization constant.
The initial condition involved is chosen as that the particle is in an equilibrium Boltzmann distribution in the periodic potential. Namely, the initial probability distribution is
with the energy
and the normalization constant (partition function)
For time t > 0, the probability distribution, p(x, v, t), can be found through integrating 
The transition probability, P (x 1 , v 1 , t 1 |x 2 , v 2 , t 2 ), for the particle, being in state (x 1 , v 1 ) at t = t 1 , to be in state (x 2 , v 2 ) at t = t 2 (t 2 > t 1 ), can be expressed in terms of transition paths, [14] 
Here x +ξ (t) is a solution to the Langevin equation (1), for one realization of random force ξ(t), with the initial condition (x(t 1 ) = x 1 , v(t 1 ) = v 1 ). The random force ξ(t) is generated with its statistical weight functional P [ξ(t)] in Eq. (6). Based on the probability distribution p(x, v, t), the current (or flux),
can be evaluated for a given set of the parameters: the inverse temperature β, the damping constant γ, the ac driving force magnitude F 0 , frequency Ω, and initial phase φ 0 .
III. PATH INTEGRALS AND THE NEGATIVE FRICTION LANGEVIN EQUA-TION
In principle, Eq.(11) can be numerically implemented by integrating the Langevin equation (1) in a straightforward way. But in many cases of practical importance, the transition probability is required for x 1 near the well bottom and x 2 near the barrier top. For such a purpose, the straightforward scheme is unrealistic for a temperature,
βE b >> 1), because the presence of the (positive) friction γ in Eq.
(1) makes the probability exponentially small for generating a path along which the energy increases far above the thermal energy k B T . In order to overcome this bottleneck difficulty, we employ a transition path sampling scheme developed recently in Refs. [12, 13] , exploiting the negative friction Langevin equation.
In the path integral formalism [14, 15] , the transition probability can be expressed, in equivalence with (11), as
with the boundary conditions {x(t 1 ) = x 1 ,ẋ(t 1 ) = v 1 } and {x(t 2 ) = x 2 ,ẋ(t 2 ) = v 2 }. The normalization factor N is an infinite Jacobian that relates the measure [Dx] in Eq.(13) to
[Dξ] in Eq. (11),
The effective action
is positive-definite. By partial integration, we can rewrite the action functional in Eq. (15) as
I − [x(t)] here has identical functional form as I[x(t)] in Eq. (15) except that the friction coefficient γ is replaced by its negative, −γ. Then the transition probability can be expressed as
Noting the equivalence between Eq. (11) and Eq. (13), the transition probability
, that is parallel to Eq.(13), can be cast back into a form parallel to (11),
Here the two extra exponential factors come from the difference between the effective action functionals I in Eq. (15) 
The negative friction path x −ξ (t) is obtained, for each realization of the random force ξ(t),
by integrating the following negative friction Langevin equatioṅ
from time t 1 to t 2 with the initial condition x(t 1 ) = x 1 ,ẋ(t 1 ) = v 1 . In contrast to the standard Langevin equation (1), the negative friction term in Eq. (21) favors paths along which the energy increases. Of course, the negative friction path x −ξ is unphysical. But the use of it does not induce anything spurious because the multiplicative factors in Eq. (19) give the correct statistical weight for each of the paths, x −ξ , so generated. For paths going from time t 1 to t 2 , the ratio between two normalization factors is [15] 
In Eq.(19), the path integral is implemented as weighted average of all possible transition paths that are obtained by forward integration of the negative friction Langevin equation (21) from t 1 to t 2 for each sample of ξ(t) over (t 1 , t 2 ). In fact, it can also be implemented as backward integration of the negative friction Langevin equation (21) from t 2 to t 1 for each sample of ξ(t) over (t 1 , t 2 ). Namely,
Then the normalization factor
can be found to be equal to N . [15] Therefore,
Here the negative friction path, x −ξ (t), is obtained by integrating the negative friction Langevin equation (21) from t 2 to t 1 with the boundary (final) condition (x(t 2 ) = x 2 ,ẋ(t 2 ) = v 2 ), for each realization of the random force ξ(t) sampled.
Pulling together Eqs. (10) and (23), we have
Now, using the initial probability in Eq. (7) and Eq. (12), we arrive at the main results of this research, a formula for the probability distribution function and a formula for the current of a Brownian particle in response to an ac driving force,
that are ready for numerical implementation. Here, again, the negative friction path, x −ξ (τ ), is to be generated by numerically integrating the negative friction Langevin equation (21) from time t backward to time 0, with a final condition, (x(t) = x,ẋ(t) = v), for each realization of the random force ξ(τ ) sampled.
It should be observed that, in the absence of the ac force, F 0 = 0, Eq.(27) produces the expected equilibrium distribution p(x, v, t) = p 0 (x, v) and Eq.(28) yields zero current, J(x, t) = 0, as it should. Expanding the right hand side of Eq.(28) to the first order in the ac driving force, we have the linear response current in the form,
The linear response coefficient is directly related to the velocity-velocity correlation function, in full agreement with the well-known linear response theory. [14] IV. NUMERICAL RESULTS
To illustrate the nonlinear response of the Brownian particle to an ac driving force, we have implemented numerically Eq.(28) for several sets of parameters. For a given set of values for β, the inverse temperature, γ, the damping constant, F 0 , the ac force magnitude,
and Ω, the ac force frequency, we compute the current J(x, t) in Eq.(28) for various initial phase φ 0 and for a time interval long enough for the current to settle into its stationary limit. The dc current
is found to be independent of the position x as it should.
The dc current, J, is expected to not have a linear dependence upon the ac driving force magnitude (2) becomes dominant, the system comes closer to the reflection parity symmetry and, consequently, J gradually becomes zero.
Plotted in Figs.6 and 7 is the dc current as a function of the damping constant γ. In the overdamped regime, the dc current J is found to vanish as the damping constant γ goes to infinity. In the intermediate regime, J has a maximum in the negative direction. The position of the maximum is temperature-dependent as the anharmonicity contributions of the potential are largely determined by the temperature. In the moderately underdamped regime, we observe a crossover behavior. For both sets of parameters, the dc current J changes direction as γ is decreased from the intermediate region to the underdamped limit.
This suggests a mechanism for separating molecules by applying an ac driving force. Note that the dimensionless damping constant γ is related to the friction coefficient (viscosity) η
Here E 0 and d are, respectively, the energy and length scales to make every physical quantity involved in Eq.
(1) dimensionless. m is the mass of the Brownian particle. In a system containing two types of Brownian particles with differing masses m 1 and m 2 , if their damping constant γ 1 and γ 2 fall on the two sides of the crossover point, the two types of particles would drift in a constant flow to opposite directions when an ac driving force is applied to the system.
In Figs.8 and 9 , we see the dependence of the dc current J upon the ac force frequency Ω. The J − Ω curve has a resonance-like peak in the negative current direction when the ac driving force frequency is near the intrinsic frequency of the potential at the well bottom.
The peak is broadened by the presence of the finite damping and by the anharmonicity of the potential that is more significant at the higher temperature (Fig.8) . A point worth noting is that J also crosses over from a negative value to a positive value when Ω is tuned toward zero.
V. SUMMARY
In summary, we have presented a path integral approach to the non-linear response of a Brownian particle in a periodic potential to an ac driving force. Our approach resulted in formulas for the probability distribution function and for the current of the Brownian motion driven with the ac force. Numerical implementation using the negative friction Langevin equation predicted the non-linear dependence of the dc current upon the damping constant, the temperature, the potential asymmetry parameter and the ac force magnitude and frequency. Interesting phenomena exist in the intermediate-to under-damping regime.
The dc current changes directions when the damping constant or the ac force frequency is tuned. This may be relevant to the development of the means to separate molecules in biological and chemical systems. [16] [1] P. Reiman, Phys. Rep. 361, 57 (2002). 
